Scalar-tensor gravity theories with a nonminimal Gauss-Bonnet coupling typically lead to an anomalous propagation speed for gravitational waves, and have therefore been tightly constrained by multimessenger observations such as GW170817/GRB170817A. In this paper we show that this is not a general feature of scalar-tensor theories, but rather a consequence of assuming spacetime torsion to vanish identically. At least for the case of a nonminimal Gauss-Bonnet coupling, removing the torsionless condition restores the canonical dispersion relation and therefore the correct propagation speed for gravitational waves. To achieve this result we develop a new approach, based on the first-order formulation of gravity, to deal with perturbations on these Riemann-Cartan geometries.
I. INTRODUCTION
The multimessenger measurements of the GW170817 event by the LIGO/Virgo collaboration [1] and the gamma-ray burst GRB 170817A by Fermi and other observatories [2] have provided a strong limit of about one part in 10 15 on the difference between the propagation speed of gravitational waves (GW) and the speed of light [3] . This observation imposes severe constraints on different viable alternatives to general relativity (GR) aimed at explaining the dark sector of the Universe by means of degrees of freedom beyond the metric ones. In particular, many scalar-tensor theories of the Horndeski/Galileon type predicted, at least in some regimes, an anomalous propagation speed for GWs [4] [5] [6] [7] [8] [9] [10] [11] , and even in some cases an anomalous propagation speed for sound waves in Earth's atmosphere [12, 13] . This observation implies that, depending on the type of coupling that the scalar fields develop with the geometry, some of these theories have been disfavored by the observational data.
A particular interaction that has been widely studied in the literature is the coupling of scalar fields to topological invariants, e.g., the Pontryagin or Gauss-Bonnet (GB) terms, motivated by effective field theories, string theory, and particle physics [14] . From a phenomenological viewpoint, the scalar-Pontryagin modification to GR-also known as Chern-Simons modified gravity-is an interesting extension that might explain the flat galaxy rotation curves dispensing with dark matter [15] , while leaving the propagation speed of GWs unaffected [16] . This interaction generates nontrivial effects when rotation is included [17] [18] [19] [20] [21] [22] , providing a smoking gun in future GW detectors [23] [24] [25] [26] . The couplings between scalar fields and the GB term, on the other hand, have been studied in different setups and several solutions that exhibit spontaneous scalarization have been reported [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . Their stability, however, depends on the choice of the coupling between the scalar field and the GB term [40] [41] [42] . In spite of this, the theory is experimentally disadvantaged from an astrophysical viewpoint, since it develops an anomalous propagation speed for GWs [43] .
Scalar-tensor theories have been formulated in geometries that depart from the pseudo-Riemannian framework in several times. In particular, the gravitational role of Riemann-Cartan (RC) geometries, characterized by curvature and torsion, was first discussed by Cartan and Einstein themselves [44] , and later on in the framework of gauge theories of gravitation [45] [46] [47] [48] . Within its simplest formulation-the Einstein-Cartan-Sciama-Kibble (ECSK) theory-torsion is a nonpropagating field sourced only by the spin density of matter. The nonminimal coupling of scalar fields to geometry dramatically changes this conclusion. As shown in Ref. [49] , the typical Horndeski/Galileon couplings and second-order derivatives are generic sources of torsion, even in the absence of any spin density. When scalar fields are coupled to the Nieh-Yan topological invariant [50] , a regularization procedure of the axial anomaly in RC spacetimes can be prescribed [51] [52] [53] [54] [55] , and a torsion-descendent axion that might solve the strong CP problem in a gravitational fashion is predicted [56] [57] [58] . The nonminimal coupling to the Gauss-Bonnet invariant, on the other hand, can be motivated from dimensional reduction of string-generated gravity models [59] , and it could drive the late-time acceleration of the Universe in absence of the cosmological constant [60] [61] [62] . The first-order formulation of Chern-Simons modified gravity produces interesting phenomenology when coupled with fermions [63] , and it has been shown that the different nonminimal couplings support four-dimensional black string configurations in vacuum, possessing locally AdS 3 × R geometries with nontrivial torsion [64] . Remarkably, some of these models can be regarded as a zero-parameter extension of GR [65] , whose cosmological implications have been recently studied in Ref. [66] . In general, assuming a torsion-free condition reduces the number of independent fields, making the torsionless theory an entirely different dynamical system from the torsionful one.
In this work, we show that it is only the torsionless version of the scalar-tensor theory based on the scalar-GB coupling that predicts an anomalous propagation speed for GWs. When torsion is taken into account as a rightful component of geometry, GWs generically propagate at the speed of light, and hence those torsional theories survive unfalsified by multimessenger astronomy. Since the dispersion relation for electromagnetic waves (EMW) also remain unmodified by torsion, both EMWs and GWs move along null geodesics, even on a background with nonvanishing torsion. This does not mean, however, that torsion is wholly undetectable; as shown in Ref. [67] , torsion affects the propagation of polarization for GWs. 1 Thus, at least for this case, the recent observational data only disfavor the torsionless version of the theory, but not its more general torsional relative.
Our article is organized as follows. Section II presents the main line of reasoning, where we introduce the Lagrangian that defines the theory and give general arguments on why the torsionless version of the GB coupling changes the speed of GWs, while the most general dynamical torsion case does not. Sections III-VI prove this statement in detail. In Sec. III, we define some mathematical operators that greatly simplify the analysis of GWs on an RC geometry and study their properties and algebra. In Sec. IV, we use a Lorentzcovariant version of the Lie derivative to generalize the standard Lorenz gauge fixing for the trace-reversed perturbation to this setting. Section V describes how to separate low-and high-frequency terms. We follow the approach of Ref. [71] , with appropriate modifications for the case of RC geometry. Section VI focuses on the leading high-frequency term to prove that torsion restores the canonical dispersion relation, including speed, for the metric mode of GWs. The eikonal approximation is used to show that the new torsional mode (variously called "torsionon" [72] , "roton" [73] , or "gravity W and Z bosons" [74] ) propagates interacting with the polarization of the standard metric mode, generalizing the results of Ref. [67] . Finally, conclusions and further comments are given in Sec. VII, while many details on the calculations are provided in Appendix A.
Let M be a four-dimensional spacetime manifold with metric signature (−, +, +, +). We shall consider a scalartensor theory whose independent dynamical fields are the vierbein one-form e a = e a µ dx µ , 2 the spin connection one-form ω ab = ω ab µ dx µ , and a complex zero-form scalar field φ, withφ being its complex conjugate. The Lagrangian four-form describing the scalar-tensor theory with Gauss-Bonnet coupling is given by
where R ab = dω ab + ω a c ∧ ω cb is the Lorentz curvature two-form, and V stands for the scalar field's potential, which is assumed to depend only on the magnitude of φ, i.e., V = V (|φ|). Throughout this article, we work in the context of RC geometry, meaning that the vierbein and spin connection are considered as independent degrees of freedom, and therefore the torsion two-form T a = De a = de a + ω a b ∧ e b does not need to vanish. The Lagrangian depends only on first-order derivatives of the spin connection and it does not contain derivatives of the vierbein-we're not including any explicit torsional terms [75] . The coupling constant κ 4 is related to Newton's gravitational constant G N through κ 4 = 8πG N , and the cosmological constant is denoted by Λ.
The Lagrangian (1) allows for propagating torsion in vacuum and can be regarded as both a particular case of Horndeski's theory [76] and as a generalization of dynamical Chern-Simons modified gravity [14, 77] , both of which set torsion equal to zero at the outset (but see Ref. [49] for the torsional version of Horndeski's theory). The theory defined by (1) actually differs from the standard torsional ECSK theory only in the nonminimal coupling 1/ (Λ + κ 4 V ) with the GB density. When V = const., this last term becomes a topological invariant proportional to the Euler characteristic and does not contribute to the field dynamics in the bulk, although it becomes relevant in the regularization of Noether charges for asymptotically locally AdS spacetimes [78, 79] . In the general case, namely V = const., this term contributes to the field equations acting as a source of torsion [49, [56] [57] [58] [59] [60] [61] [62] 64] . The particular nonminimal coupling with the GB term we use is but one choice; the results regarding the speed of GWs are still valid even if the 1/ (Λ + κ 4 V ) coupling is replaced by an arbitrary function of (the magnitude of) the scalar field, f (|φ|). Our choice, however, has several important algebraic and physical properties which lead to a much more transparent treatment.
To start with, this choice for the nonminimal coupling with the GB term allows the Lagrangian to be written in a much more compact way,
where
The independent stationary variations of L with respect to e a , ω ab , φ andφ yield δL = δe a ∧ E a + δω ab ∧ E ab + δφĒ + δφE
and 3 Z a = − * (e a ∧ * dφ) ,Z a = − * e a ∧ * dφ .
3 See Definition 2 in section III for the mathematical properties of the operator − * (e a ∧ * .
The field equations set E a , E ab , E, andĒ to zero on M , while the boundary conditions are given by the vanishing of B ab , B, andB on ∂M . Furthermore, our 1/ (Λ + κ 4 V ) GB coupling allows the field equations (5)- (7) to be fully compatible with the boundary conditions (8)- (9) . In particular, E ab = DB ab , and the system admits the maximally symmetric solution in vacuum
where φ 0 = const. and σ 0 = σ (φ 0 ). This solution describes a spacetime of constant curvature and zero torsion, where the (constant) scalar field plays no role. When scalar-tensor gravity theories are treated within the first-order formalism, torsion propagates in vacuum sourced by the derivatives of the scalar fields (for further details, see Ref. [49] ). As a matter of fact, the field equation E ab = 0 [cf. Eq. (6)] can be rewritten as
The propagating nature of torsion becomes manifest in this equation, since its right-hand side possesses derivatives of the torsion through R ab . This can be seen from the decomposition of the two-form curvature into their Riemannian and torsional pieces 4
whereR ab is the canonical Riemann curvature two-form and κ ab = ω ab −ω ab is the contorsion tensor one-form, related to the two-form torsion as T a = κ a b ∧ e b . To understand why torsion restores the speed of light of GWs for the scalar-GB coupling, let us go back to the Lagrangian (1). Since we are working in the context of RC geometry, the vierbein and the spin connection are independent fields. This means that the GB coupling term does not depend on the vierbein, namely
Therefore, the field equation for the vierbein, E a = 0 [cf. Eq. (4)], is insensitive to its presence. In fact, this equation can be cast into the Einstein-Hilbert form as
where T a b is an effective stress-energy tensor given by
Since GWs arise from perturbations to abcd R ab ∧ e c , as in the usual torsionless case, the GB coupling cannot possibly contribute to them. How does the torsionless condition so dramatically alter the behavior of GWs? To see why, note that naively imposing T a = 0 in the field equations [cf. Eqs. (5)-(9)] does not lead to the standard torsionless case; instead, we get a constant scalar field. The torsionless condition is a constraint on the geometry, and as such it must be imposed through the addition of a Lagrangian multiplier two-form M a to the Lagrangian (1),
It is this modified Lagrangian, L M , which reproduces the standard torsionless dynamics. The field equations derived from δL M = 0 read
Equation (21) can be solved for the Lagrangian multiplier to find
Since E ab includes the Lorentz curvature two-form R ab , the term DM a in Eq. (20) turns out to be proportional to derivatives of R ab . It is straightforward to see that such terms in E (M ) a make a nonzero leading-order contribution in the eikonal limit for perturbations, and therefore modify their dispersion relation and the GW speed.
The lesson to be learned from this analysis is that imposing the torsionless condition a priori is very different from imposing it a posteriori : the torsionless theory, where T a = 0 from the outset, has fewer degrees of freedom and it constitutes therefore a different dynamical system from the full torsional theory. Imposing the torsionless condition on the field equations of the torsional theory implies, in the nonminimally coupled case, reducing the scalar field to triviality. Even if the Lagrangians for both theories may look superficially identical, they are inherently different theories; as shown above, the torsionless condition amounts to a constraint on the dynamics. In the case of the GB coupling, the price of such a constraint is the anomalous speed for GWs.
While certainly plausible, we still have to rigorously show that Eq. (17) leads to the canonical dispersion relation for GWs, including their speed. To achieve this goal, we must prove that the torsional terms hidden in Eq. (17) do not change the GW dispersion relation and speed. One also has to deal with the fact that torsion is a propagating field in the nonminimally coupled theory. The torsional mode interacts with the standard metric mode, and it is not a priori obvious whether it changes their speed.
In order to prove this point, in the following sections we provide a complete treatment of GWs on a spacetime with torsion. The necessary mathematical scaffolding is developed in Sec. III. Then, in Sec. VI we come back to Eq. (17) to show that torsion restores the canonical dispersion relation and speed for GWs.
III. MATHEMATICAL INTERMEZZO
In this section, we introduce the mathematical tools that allow us to describe perturbations and waves in the context of RC geometry.
A. A superalgebra of differential operators
The differential operators we define appeared originally in Refs. [49, 67, 72] ; here we briefly review them for the benefit of the reader who may be unfamiliar with them. We also show that these operators form a superalgebra and identify its associated super-Jacobi identity, which, beyond the merely aesthetic, eases the study of the eikonal limit of GWs on an RC geometry.
For the sake of generality, in this section we work on a d-dimensional manifold M endowed with an RC geometry and a metric tensor with η − negative and d − η − positive eigenvalues. In the rest of the paper we restrict ourselves to d = 4 and a spacetime signature η − = 1. The space of differential p-forms on M is denoted by Ω p (M ).
Definition 1 (Hodge star operator [80] ). The Hodge star operator is a linear map, * :
and maps it into its Hodge dual,
where g is the determinant of the metric tensor and 
where * is the Hodge star operator introduced in Definition 1. The most important case is q = 1,
which acts as a coderivative, satisfying the same signcorrected Leibniz rule as the exterior derivative.
Definition 3. We define D a : Ω p (M ) → Ω p (M ) to be the derivative operator given by [49] 
where I a is the coderivative operator introduced in Definition 2, with q = 1, and D stands for the Lorentzcovariant exterior derivative, D = d + ω.
The D a derivative plays a major role in the study of GWs on RC geometries. It satisfies Leibniz's rule (without sign correction) and has many useful properties (see, e.g., Lemmas 4 and 5 below). Lemma 4. Let ∇ µ = ∂ µ + Γ µ be the usual spacetime covariant derivative for the general (not necessarily torsionless) affine connection Γ ρ µσ . We have
where I a and D a are the operators introduced in Definitions 2 and 3, and ∇ a = e µ a ∇ µ . Note that Eq. (31) implies that D a and ∇ a coincide in the torsionless case, D a =∇ a .
Lemma 5. Equation (30) can be inverted to yield
where I a and D a are the operators introduced in Definitions 2 and 3.
Definition 6. We define the generalized covariant co-
where I a is the coderivative operator introduced in Definition 2, with q = 1, and D stands for the Lorentzcovariant exterior derivative, D = d + ω. 
where D ‡ is the generalized covariant coderivative introduced in Definition 6 and D stands for the Lorentzcovariant exterior derivative, D = d + ω. 
where D a is the derivative operator introduced in Definition 3.
Lemma 9. The operators introduced in Definitions 7 and 8 satisfy the following generalized Weitzenböck identity for an RC geometry,
where I a is the coderivative operator introduced in Definition 2, with q = 1, and D stands for the Lorentz-covariant exterior derivative, D = d+ω. The proof to this Lemma 6 for the case of RC geometry was given in Refs. [49, 67] .
The D a derivative introduced in Definition 3 satisfies the following useful commutation relation with the Hodge star operator:
Most importantly, the operators D a , I a , and D give rise to a superalgebra of differential operators, where the curvature and torsion play the role of structure "constants." This makes sense because I a and D are odd ("fermionic") operators,
while D a is an even ("bosonic") operator,
Theorem 11. The operators D a , I a , and D (defined above) close on themselves, satisfying the following superalgebra:
where D 2 acts not as a differential operator but as one that, by virtue of the Bianchi identities, gives rise to terms proportional to the Lorentz curvature two-form; e.g., 
In as few words as possible, and at the risk of glossing over some important subtleties, one may say that the study of GWs in the context of RC geometry is very similar to the standard Riemannian case, but using the new derivative D a instead of the standard torsionless spacetime covariant derivative∇ µ .
B. Lorentz-covariant Lie derivative
The usual Lie derivative is not Lorentz-covariant. For instance, while the vielbein transforms as a vector under local Lorentz transformations (LLT), its Lie derivative does not. Since LLTs are an essential part of our construction [e.g., the Lagrangian (1) is invariant under this gauge symmetry], we define a modified Lorentz-covariant version of the Lie derivative that fixes this problem.
Definition 12 (Cartan's formula [84] ). When acting on a differential p-form, the Lie derivative operator along a vector field ξ is given by Cartan's formula,
where I ξ is the contraction operator. 7
Definition 13 (Lorentz-covariant Lie derivative). When acting on a differential p-form that behaves as a tensor under LLTs, the Lorentz-covariant Lie derivative operator along a vector field ξ is given by the formula [85] [86] [87] [88] [89] 
where D is the Lorentz-covariant exterior derivative. On the other hand, the Lorentz-covariant Lie derivative of the spin connection one-form ω ab is defined as
where R ab is the Lorentz curvature two-form. For instance, the Lorentz-covariant Lie derivatives of the vielbein e a and the scalar field φ respectively read L ξ e a = (I ξ D + DI ξ ) e a = I ξ T a + Dξ a ,
It is clear that, when acting on p-forms that behave as a scalar under LLTs, the Lorentz-covariant Lie derivative reduces to the standard one given by Cartan's formula (48) .
One can check directly that
where λ ab = −I ξ ω ab plays the role of an infinitesimal local Lorentz parameter. This means that the difference between the usual Lie derivative and its Lorentzcovariant version amounts to an infinitesimal LLT. The Lorentz-covariant Lie derivative is the suitable operator to define black hole entropy as the Noether charge at the horizon in the first-order formalism, since the standard Lie derivative does not produce the correct transformation law for the vierbein at the bifurcation surface [90] .
IV. PERTURBATIONS ON A RIEMANN-CARTAN GEOMETRY AND GAUGE FIXING

A. Lie draggings and Lorentz transformations
In the usual torsionless GW treatment, it proves useful to define the trace-reversed version of the metric perturbation,h
and then to perform a wisely-chosen infinitesimal diffeomorphism on the metric,
in order to arrive at the Lorenz gauge-fixing condition,
It is not trivial to generalize this procedure for the case of RC geometry. A first generalization was put forward in Ref. [49] , but, while correct, it proved to be far from the best choice: the final result was a cumbersome inhomogeneous GW equation with many torsional couplings.
In this section, we use the D a derivative (see Definition 3 in Sec. III) to provide a generalized Lorenz gauge-fixing in an optimal way.
An infinitesimal Lie dragging (LD) on the fields of the theory corresponds to LD :
where L ξ denotes the Lorentz-covariant Lie derivative operator along a vector field ξ (see Definition 13 in Sec. III B). Since the Lagrangian (1) is Lorentz-invariant, we have that
From this result we conclude that in a Lorentz-invariant Lagrangian, the only important piece of the LD is the one described by the L ξ operator. Additionally, under an infinitesimal LLT, the fields transform according to LLT :
The commutator of the infinitesimal LDs and LLTs, once applied to any gravitational field, form the Lie algebra
where we have defined λ ab 3 = λ a 1 c λ cb 2 −λ a 2 c λ cb 1 ,ξ a = λ a b ξ b , λ ab = I ξ2 I ξ1 R ab , andξ a = I ξ1 I ξ2 T a . The commutator between two LDs shows that curvature and torsion appear as "structure functions" of the algebra. Remarkably, this algebra closes off-shell regardless of the dimensionality of the spacetime, its internal group, the field content of the theory, and even in cases with restricted symmetries [89] . Furthermore, invariance of the Lagrangian (1) under arbitrary LDs and LLTs imply the Noether identities
respectively, which are also referred to as the contracted Bianchi identities. The L ξ operator is a well-defined Lorentz-covariant version of the Lie derivative operator, but it still includes some residual Lorentz freedom. To see this, note that it is possible to write the action of L ξ on e a in terms of the D c derivative as
with
and where ξ = ξ µ dx µ = ξ a e a is the one-form dual to the vector ξ = ξ µ ∂ µ = ξ a e a . Defining the antisymmetric parameter
it is clear that L ξ e a contains a residual Lorentz transformation
A similar residual Lorentz freedom is found when L ξ acts on ω ab and φ. Therefore, we consider the final set of modified infinitesimal Lie draggings (MLD) given by L ξ and a counter-Lorentz transformation, MLD :
This is the set of transformations we will use to generalize the standard gauge fixing of GWs.
B. Lie draggings vs. gauge transformations
Before moving on, we would like to point out a common misunderstanding regarding the interpretation of an infinitesimal LD as a harmless "gauge transformation" on the fields. First, the Lagrangian, the vierbein, the spin connection, and the scalar field, although invariant under diffeomorphisms by virtue of being differential forms, transform nontrivially under infinitesimal LDs. Second, diffeomorphism invariance is not a gauge symmetry in the sense that there is no principal bundle involved (in sharp contrast to the local Lorentz symmetry). Third, as shown in Sec. III B, the Lie derivative of a Lorentztensor p-form does not transform covariantly under LLTs. Therefore, it is certainly more suitable to take the LDs and LLTs as the fundamental symmetries of the theory in the first-order formalism.
Given a well-behaved theory for a field ψ, with field equations written symbolically as E (ψ) = 0, we have that
This means that it is possible to map in an invertible way an on-shell configuration into a different one satisfying some practical condition we are interested in: the gauge fixing. Thus, solving the field equations for the latter is equivalent to solving them for the former, and it is only in this restricted sense that an LD can be identified with a gauge transformation.
C. Perturbations on a Riemann-Cartan geometry
Infinitesimal LDs act on perturbations on the RC geometry in a way similar to the standard Riemannian case. In Ref. [72] , it was shown that they can be described up to second order through the perturbations in the vierbein and the spin connection given by e a →ē a = e a + 1 2 H a ,
Here, H a = H a µ dx µ is a one-form describing the vierbein perturbation, which is related to the canonical metric perturbation g µν → g µν + h µν through
Without loss of generality, its orthonormal-frame components can be taken as symmetric, H ba = H ab for any Lorentz-invariant theory [72] . The perturbation on the spin connection comes in two pieces, U ab (H, ∂H) and V ab . The one-form U ab can be written in terms of H a as U ab = U
The one-form V ab corresponds to a purely torsional perturbation mode, independent of H a . In terms of the perturbations, torsion and curvature behave as
We can always perform an MLD on the background and a GW perturbation simultaneously,
defining a new GW as
and therefore we have what we might call the "gauge transformation,"
It is possible to use this relation to prove that D a H a − 1 2 dH = D aD a ξ +I a DDI a ξ +D a H a − 1 2 dH, (90) where ξ = ξ µ dx µ and H = H a a . Since it is always possible to find a one-form field ξ = ξ µ dx µ satisfying D aD a ξ + I a DDI a ξ + D a H a − 1 2 dH = 0, we can always choose H a such that
This is the RC-geometry generalization of the standard Lorenz gauge fixing∇ µh µν = 0 on the trace-reversed variableh µν = h µν − 1 2 g µν h of standard Riemannian geometry.
In the following sections, we will use the mathematical tools we have developed in Sec. III and the condition (91) to study the propagation of GWs in the nonminimal GBcoupling case.
V. SIZES AND FREQUENCIES
Even in the standard torsionless case, it is a nontrivial task to separate GWs from the background geometry. In general, one must consider an expansion in two kind of variables: amplitudes and frequencies. A GW is well-defined only in the regime when small and rapidlychanging perturbations move over a slowly-varying background. We follow the approach of Ref. [71, Ch. 1.5] as closely as possible, but considering a nonvanishing torsion.
Let us normalize the analysis by choosing a vierbein of components e a µ ∼ 1,
describing a slowly-changing geometry over a characteristic length scale L. Since the torsion two-form is given by T a = de a + ω a b ∧ e b , we infer that both torsion and the spin connection must be of magnitude
while the Lorentz curvature turns out to be of magnitude
Let us label the amplitude scales for perturbations as 8
with H 1 and V 1. These perturbations change rapidly in the wavelengths scales λ H and λ V ,
These wavelengths are small compared with the scale L of the background geometry,
In order to relate the perturbation scales H and V , let us observe that the torsion components are 1/L times smaller than those of the vierbein. Since the perturbed torsion is given by [cf. Eqs. (83)-(84)]T a = T a + T
and T
(2) a to be also 1/L times smaller than the vierbein perturbations,
This is the same as requiring the perturbation scales of V ab and H a to be related by
8 Later on we use H to denote the trace H a a , which is of course unrelated to H as the scale for metric perturbations. We can only hope that the reader will be able to tell one from the other according to context. meaning that the torsional modes are much weaker than the metric ones.
The curvature perturbations (85)-(86) include 1/ 2 and 1/ terms on each order,
At this point, since Eq. (17) has the same form as the canonical Einstein-Hilbert equations, and since the leading terms in the expansions are the metric modes, much of the analysis goes exactly as in the standard case. The field equations must be split in low-and high-frequency pieces. From the low-frequency piece it is straightforward to prove that
and taking this into consideration, the high-frequency piece of Eq. (17) to leading and subleading orders corresponds just to abcd R ab (1) ∧ e c = 0.
In Sec. VI, we analyze the behavior of GWs and torsional modes predicted by Eq. (106).
VI. THE DISPERSION RELATION, SPEED AND POLARIZATION OF GRAVITATIONAL WAVES
A. The wave equation and torsional obstruction to the transverse-traceless gauge
The left-hand side of Eq. (106) can be written as (see Appendix A for the algebraic details)
It is clear that Eq. (106) and Eq. (107) imply W m = 0 as the equation for GWs, and therefore from now on the equation
will be the protagonist of our analysis. As in the torsionless case, the commutator [D a , D m ] H a gives rise to some inhomogeneous terms with curvature and torsion,
Replacing these inhomogeneous terms and using the generalized Weitzenböck identity of Lemma 9 (see also Ref. [67] ), W m can be written in terms of the generalized de Rham-Laplace wave operator (cf. Def. 7) as
This implies that the analysis of Ref. [67] has to be generalized to include the extra inhomogeneous terms in Eq. (111). A second important observation regarding W m is that its "trace," I p W p , consists only of torsional inhomogeneous terms besides the wave operator acting on H = H a a ,
In general lines, the metric mode of GW behaves similarly to the standard torsionless case, albeit with an important and subtle difference. Let us observe that, in the standard case, besides the Lorenz gauge fixing (58) , it is possible to perform (in a vacuum region only) an additional gauge transformation to render h µν traceless: the transverse-traceless gauge. In our case, things are a bit more complicated. Under an infinitesimal LD generated byξ, the trace of the metric perturbation, H = H a a , changes as
Naively it may seem possible to choose aξ such that H = 0, as long asξ also satisfies D aD aξ + I a DDI aξ = 0 in order not to spoil the Lorenz condition (91) . The problem with such a construction is Eq. (112). A traceless H a would create an unphysical constraint between the perturbations and torsion,
and therefore, in general we must have H = 0. 9 Torsion thus creates an obstruction to the popular transversetraceless gauge. However, comparing orders of magnitude in the terms of Eq. (112), we conclude that using a wisely-chosen LD we may get a trace that is H times smaller than the typical magnitude of the metric perturbation.
In the next section, we will use the eikonal limit of GWs to obtain valuable information. For instance, from simple inspection of Eq. (111) we can see that the dispersion relation for H m will not be modified at leading order by torsion. This means that H m propagates at the speed of light on null geodesics, as in the standard torsionless case. Even further, in Eq. (110) the terms I am R a b ∧ H b , I a R ab H bm + R mb H ab , and DT abm H ab are all of order H/L 2 and irrelevant to the eikonal limit at both leading and subleading order. However, the terms T abm D a H b and 2I a DV a m in Eq. (111) modify the propagation of GW polarization and the conservation of the "number of rays" at subleading order, generalizing the results of Ref. [67] for fields obeying the homogeneous
In the next section we analyze these affirmations in detail.
B. The eikonal limit of gravitational waves
Let us write the vierbein and torsional perturbations H a and V ab as 10
where θ is a rapidly-changing (on a characteristic scale λ) real phase, which, for simplicity, we take to be the same for both geometrical modes. Here, H a = H a b e b and V ab = V ab c e c correspond to slowly-changing (on a characteristic scale L) one-forms with complex-valued components H a b and V ab c . In terms of the characteristic scales λ and L we define the eikonal parameter = λ/L. From Eqs. (99) and (105) one can easily show that it satisfies
In terms of these, the transverse condition (91) becomes
while W m corresponds to
where the wave one-form k is given by
Equation (118) generalizes Eq. (61) of Ref. [67] to take into account the inhomogeneous terms in Eq. (111). We can expand H a and V ab as
where H a (n) and V ab (n) are of order n . The leading orders, H a (0) and V ab (0) , correspond to dominant, λ-independent pieces. The subleading order, n = 1, describes the propagation of polarization, while terms with n ≥ 2 correspond to higher-order deviations from the geometric optics limit.
To leading order, the equation W m = 0 implies the canonical dispersion relation for the metric mode,
and the standard transverse condition,
This means that, to leading order in the dispersion relation, there is no difference with the standard GR torsionless case. However, at subleading order, W m = 0 gives rise to new interactions with torsion,
and the transverse condition assumes the form
It may seem strange to have the usual dispersion relation (121) even in this case. On a geometry with nonvanishing torsion, one may expect GWs to propagate on null auto-parallels. 11 However, this is not the case: Eq. (121) implies that GWs propagate on null geodesics, regardless of the background torsion.
Differentiating Eq. (121) and using k a = D a θ, we find
This result is equivalent to k aD a k b = 0, and sinceD a = ∇ a , we get
This means that the metric mode of GWs travels along null geodesics, not null auto-parallels. At subleading order, torsion gives rise to an anomalous propagation of polarization. In order to analyze it, let us parametrize the wave polarization and amplitude as H a
Here, wave polarization is described by the one-forms P a = P a c e c and Q ab = Q ab c e c , while wave amplitude is described by H and V. The polarization components are complex-valued, P a c , Q ab c ∈ C, while the amplitude scalars are real, H, V ∈ R. The polarization forms are normalized as P a ∧ * P a = v (4) ,
where v (4) = 1 4! abcd e a ∧ e b ∧ e c ∧ e d is the volume fourform and a bar above a quantity denotes its complex conjugate. This implies that the following normalization on the wave polarization and amplitude: *
Let J = H 2 k be the "number of rays" current density one-form. When considering the eikonal limit and standard Riemannian geometry, this form is conserved, d † J = 0. However, this is no longer true for a geometry with nonvanishing torsion, as was first shown in Ref. [67] for the homogeneous wave equation case. The current situation is similar, but new terms have to be added. Since d † J = T abc η ab J c − D a J a , let us start by computing
Using Eq. (131), Lemma 10 and Eq. (127), we have that
This allows us to write
Using Eq. (123), we find
with Θ c = Q c pq P pq +Q ba a P bc + Q c pqP pq + Q ba aPbc .
(138) From here, we can see that J is no longer conserved in the eikonal limit, that is
Observe that, even on backgrounds with vanishing torsion, a nonzero torsional perturbation will lead to a breakdown in the numbers of rays conservation, d † J = 0. Another consequence of torsion is that the polarization one-form P a is no longer parallel transported along the GW trajectory. This can be seen by using Eqs. (123) and (137), that allow us to write
which in component language reads
From Eq. (141) we observe that the polarization components P mn are parallel transported along the trajectory of the GW (i.e., the relation k c∇ c P mn = 0 is fulfilled) only in the Riemannian geometry case, when both background torsion and its perturbations vanish, T abc = 0, V ab = 0. In the general case, the propagation of polarization will be disturbed along the GW trajectory by interactions with background torsion and "rotons."
To summarize, torsion does not change the dispersion relation (121), and therefore it changes neither the speed nor the direction of propagation of GWs. At leading order in the eikonal approximation, its propagation remains the same as in standard GR. The only difference lies in how torsion changes the propagation of polarization along the GW trajectory [cf. Eq. (141)].
VII. CONCLUSIONS AND FUTURE POSSIBILITIES
Observational data coming from multimessenger astronomy indicate, to a very high precision, that GWs travel at the speed of light. Due to this, several scalartensor theories that predict an anomalous GW speed have been dramatically constrained, with the scalar-GB coupling a particular example of this class. In the present article we showed that dispensing with the torsionless condition-usually assumed in gravitational theoriesallows the latter case to be reconciled with observations, in stark contrast with the usual torsionless case.
Our starting point is a fairly standard scalar-tensor gravity theory, defined by the Lagrangian (1). Crucially, removing the torsionless condition makes the vierbein and the spin connection independent degrees of freedom, and the same Lagrangian can give rise to two radically different dynamical theories, depending on whether or not this hypothesis is assumed a priori. One common misconception is to consider the torsional case as an exotic and small departure from the torsionless case. That may be true for some of the ECSK phenomenology, but it is definitely not the case for large sectors of the Horndeski Lagrangian [49] . Another misconception is the belief that in order to recover the standard Riemannian geometry, it suffices to impose T a = 0 in all equations. Both misconceptions arise from the failure to recognize that the torsionless condition is a strong constraint on the geometry, in the sense that we must add a Lagrange multiplier to impose it, as shown in Eqs. (19)- (25) and Ref. [49] . In this sense, the torsionless condition amounts to an unproven hypothesis. Imposing it means adding a hypothesis to the theory and a constraint to the geometry.
The dynamics derived from the field equations makes it plausible to expect that GWs propagate at the speed of light. 12 To prove it, we have developed some new mathematical tools to study the wave operator on an RC geometry and a new approach to study perturbations on a background with dynamical torsion. Besides the standard metric mode, there is an additional one associated to the torsional degrees of freedom. We show how to use the generalized Lie derivative to find a "generalized Lorenz gauge fixing" for the case of nonvanishing torsion. These provide the necessary mathematical tools to tackle the problem of GWs on a dynamical torsion background, which allows us to determine their speed in the current theory.
After a general analysis of sizes and frequencies, we find the inhomogeneous gravitational wave equation for this theory [cf. Eq. (109)], and we discover that torsion obstructs the popular transverse-traceless gauge. Then, we proceed with the geometric optics (eikonal) approximation. To leading order, we recover the canonical dispersion relation k µ k µ = 0, implying that GWs travel on null geodesics. The point is subtle but essential. EMWs always travel on null geodesics, regardless of any background torsion [67] . If GWs would have traveled on null auto-parallels, this might lead to an unobserved delay between GW/EMW, even if both of them were traveling at the same speed. Our results show that this is not the case: EMWs and GWs travel at the same speed and on the same kind of trajectory.
Torsion does affect GWs at subleading order, though. In the torsionless case, both EMWs and GWs satisfy two eikonal limit conditions: (i) the number of rays current density is conserved, and (ii) polarization is paralleltransported along the null geodesic trajectory. In the current torsional context, these conditions are satisfied by EMWs but they are no longer valid for GWs: torsion breaks down the conservation of the number of rays and GW polarization is no longer parallel-transported along the null geodesic. As discussed in Ref. [67] , this behavior is generic of waves propagating on a torsional background, and not just a feature of the GB coupling.
This fact opens up many questions regarding how torsion modifies the propagation phenomenology of metric and torsional polarization, which lie beyond the scope of this paper. The fact that GW polarization is affected by torsion means, however, that one may envision ways to use it to study the distribution of torsion.
Let us consider space-based GW detectors distributed on the surface of a vast spherical region, as suggested in Fig. 1 (e.g., GW detectors orbiting the Sun at a distance of several AU at different angles with the ecliptic plane). If each detector is capable of measuring GW polarization, the whole set of detectors could make a "torsion tomography" of sorts of the enclosed region, comparing the polarization components P mn of incoming and outgoing GWs. For instance, the degree of rotation of GW polarization would encode information about torsion within the sphere. This technique may seem (and probably is) far-fetched, given current technological possibilities. However, from a certain point of view, it is also a very conservative idea. One may regard it as the scaled-up gravitational version of Faraday's 1845 setup for measuring what is now known as Faraday Rotation (see Fig. 2 ). In this effect, certain transparent dielectric materials present circular birefringence when a magnetic field goes through them. The different speeds of the two circular polarization modes have the effect of rotating the plane of polarization of light going through the dielectric parallel to the magnetic field, providing information on the properties of the material. In the gravitational [92] , September 13th, 1845. A piece of transparent glass ("silico borate of lead") rotated the plane of polarization of the light going through the glass in the same direction of the applied magnetic field. Faraday did not understand at the time the mechanism behind this phenomenon, but he knew that the change in polarization was a probe codifying important information on the ray of light, the nature of the magnetic field, and the material itself. After many other tests, he famously wrote in entry 7718, September 30th, 1845: "Still, I have at last succeeded in illuminating a magnetic curve or line of force and in magnetizing a ray of light." This experiment was the first indication of a deeper relationship between optics and electromagnetism, two decades before Maxwell's prediction [93] of light being an EMW in 1865.
version, the change in the propagation of polarization is caused not by birefringence, since all GW polarization modes travel on null geodesics, but by the interaction with torsion. There exists, of course, the possibility of such an experiment indicating that torsion vanishes. In such a case, the torsionless condition would become a valuable clue from nature on the kind of solutions of our theories that match reality rather than an untested hypothesis on their structure.
Replacing this result into Eq. (A8), we get the inhomo-geneous wave equation 
